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Introduction

The Numeracy
Continuum As with many basic terms in mathematics, there is a commonly held belief that we all know
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what we mean when we refer to multiplication and division. If pressed for a definition the idea
commonly offered is that multiplication is repeated addition, which would mean that division is
repeated subtraction.

The idea of multiplication as repeated addition is not far from the mark and can be a useful
way of thinking about multiplying whole numbers. However, division problems rarely encourage
the use of repeated subtraction. The different styles of division questions encountered
Introduction emphasise the identification and use of units. Sometimes we are interested in how many are

in each group and other times we want to know how many groups there are.

These two types of division questions are described as partitive division and measurement
(sometimes called quotitive) division. Partitive division refers to dividing a whole into several
equal parts, such as sharing 12 cupcakes equally among 4 people. Partitive division arises
from the notion of sharing, or distributing equally into a specified number of parts.
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The measurement (or quotitive) interpretation of division determines, for example,

how many units of size 4 are contained in the composite unit of 12, a measurement notion.
Thus measurement division refers to dividing a whole into groups of a certain number of
elements, such as “There are 12 cupcakes and each child gets 4 cupcakes, how many
children are there?”
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Multiplication can equally be described in terms of groups. Learning multiplication and division
is described in this framework in terms of managing groups as units. The progression of
increasing sophistication in the identification and coordination of units in multiplication and
division is summarised in the following table.

L1 Forming equal
groups

Uses perceptual
counting and sharing
to form groups of
specified sizes. Does
not see the groups as
composite units and
counts each item by
“ones’”.

L2 Perceptual
multiples

Uses groups or
multiples in perceptual
counting and sharing
e.g. rhythmic or skip
counting.

Cannot deal with
concealed items.

L3 Figurative units

Equal grouping and
counting without
individual items visible.

Relies on perceptual
markers to represent
each group. Needs to
reconstruct the groups
before the count.

L4 Repeated
abstract composite
units

Can use composite
units in repeated
addition and
subtraction using the
unit a specified number
of times. May use skip
counting or a double
count. The student may
use his or her fingers to
keep track of the
number of groups, but
does so as the
counting occurs.

Is not dependent upon
perceptual markers to
represent groups.

L5 Multiplication
and division as
operations

Can coordinate two
composite units as an
operation e.g. “6 times
3is18” “18 + 6 =3".

Uses multiplication and
division as inverse
operations flexibly in
problem solving tasks.
Is able to explain and
represent the
composite structure in a
range of contexts, not
simply recalling
multiplication and
division facts.
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Level 1 : Forming equal groups

Level 1: Forming equal groups

At this stage, which is similar to perceptual counting, the student can directly model or share
by dealing in equal groups but without any obvious reference to the equal groups. The student
does not see the groups as composite units and thus counts each item by ones. The student
is unable to coordinate the number of equal groups and the number of items in each group to
calculate the product. Consequently, a student might form two groups of three by one-to-one
dealing, but does so without any reference to the group structure.

Forming equal groups of four

The student creates an array
structure of three rows of
four counters but ignores the
structure in determining

the total.
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Level 2 : Perceptual multiples

Level 2: Perceptual multiples

The student develops basic methods of counting multiples before being able to construct
composite units as counting units (iterable units). Equal groups are modelled and counted
using rhythmic, skip or perceptual double counting. The student counts by ones the number
of equal groups and the number of items in each group at the same time, only if the items
are visible.
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Rhythmic counting and skip counting are two procedures that are common at this stage.
Perceptual rhythmic counting occurs when a student models equal-sized groups and counts
perceived items by ones, following a pattern with emphasis on rhythm e.g. “1, 2; 3, 4; 5, 6;”
without any obvious reference to the equal groups. Perceptual skip counting occurs when a
student models equal-sized groups and counts groups of items following a pattern of multiples
e.g. “3, 6, 9, 12”7 but this may be simply a short-cut method of counting by ones. A student
enacts a skip counting pattern but does not recognise the overall picture of the pattern made
up of composite units. The student cannot operate with concealed collections or patterns.

Perceptual multiples

The student counts each
group of three one-by-one.

o



The Numeracy
Continuum

Aspect 5:

Level 2 : Perceptual multiples

Somewhat less common is the procedure of perceptual double counting. Perceptual

double counting occurs when a student counts perceptually or by rhythm by ones with a
simultaneous second count of the number of groups used e.g. “1, 2, 3, (1); 4, 5, 6, (2); 7, 8, 9
(3)“ (numbers in brackets emphasise the second count of the number of groups). At this stage,
it is individual items, rather than composites, that are counted. The groups are individually and
repeatedly constructed prior to counting.

When items are presented in a way that supports the composite structure, students can use
the structure to assist in determining the total. The student cannot operate with concealed
collections or patterns.
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Level 3 : Figurative units

Level 3: Figurative units

At this stage the student counts forwards or backwards following a pattern of multiples
e.g.“3,6,9,12% or “12, 9, 6, 3” without reference to the individual items. The student uses
composites figuratively, without visible individual items. That is, the student can calculate using
composites when the individual items are screened. The student is removed one step from
direct sensory experience where he or she no longer relies on counting by ones.

Each group is represented by a single marker and needs to be formed prior to counting the
total collection.

For example, when presented with four sealed opaque containers with three counters in each,
the student can determine the total number of counters. The containers act as perceptual
markers for the composite units. The student can see the number of groups but cannot see
the individual items in each group. Consequently, the student is forced to treat the individual
items in each group figuratively.

Figurative units

This student can use the
containers as physical
representations of the groups
even though the individual
counters are not present.
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Level 4 : Repeated abstract
composite units

Level 4: Repeated abstract composite units

The student uses composite units in repeated addition and subtraction. Such a student can
use a composite unit a specific number of times as a counting (iterable) unit, unprompted.
Using a composite unit repeatedly a specific number of times is the basis of repeated addition
and repeated subtraction, 3+ 3is 6,6 + 3is 9, 9 + 3is 12.

At this stage the student uses abstract composite units to find out how many elements are in a
number of composite units without items visible, e.g. a double count is used when finding out
how many threes are in eighteen, “3is 1; 6is 2; 9 is 3...18 is 6”. The student sees the overall
pattern of composites. The student needs to use (enact) the counting unit repeatedly because
he or she does not fully coordinate two composite units.

Double counting is a common strategy at this stage. Fingers or markers may be used to assist
in tracking the groups, but these are used as the counting occurs.

Repeated composites

This student uses ‘two’ as a
counting unit and keeps track
of the number of times two is
used on her fingers.
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Level 5 : Multiplication and division
as operations

Level 5: Multiplication and division as operations

Essentially this means that two composite units are coordinated in the operation of
multiplication. When multiplication and division are treated as operations, it means that both
the number in each unit and the number of units are treated as composites. Instead of
re-creating the construction of each row as a composite unit, students can take the items in a
column as indicators or markers of row composites. Functioning as symbolic pointers, these
markers indicate row composites without requiring re-presentation of the items within those
rows. It is, in fact, the use of this indicating function that implements the distribution of one
composite over the elements of the other as required in a multiplicative scheme (Steffe, 1992).

10 by 6 array — composites not coordinated

This student counts the ten
planes in the first column but
then does not include the
first column in counting the
number of columns.

For example, “3 groups of 4 makes 12” or “3 fours are 12”. In solving a partially screened
array task such as shown in the following diagram both the ‘four’ and the ‘five’ are treated as
composites. The student does not need to use repeated addition but knows that four fives
are twenty.
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At this level the student can immediately recall, or easily derive, a wide range of multiplication
and division facts. In doing this the student uses multiplication and division as inverses of each
other in a wide range of contexts and problems.

Linking multiplication and division

This student recognises the
link between:

multiplication (8 x 4 = 32),
and division (32 ~ 4 = 8).

Level 5 : Multiplication and division
as operations

A student is able to demonstrate an understanding of coordinating groups beyond simple
recall of number facts. For example, a student able to correctly recall 4 x 7 = 28, may not
necessarily be able to determining how many groups of 7 are needed to make up 28.

Further, at this level the student is able to work with remainders in division problems and

understands the relationship between x and +, as well as the structure of the array of multiples %
and groups. This understanding of the structure of multiplication is important for understanding

area and volume. 1 O
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